Abstract. We investigate the possibility of dark matter being a pure geometrical effect, rather than a particle or a compact object, by exploring a specific modified gravity model: mimetic dark matter. We present an alternative formulation of the theory, closer to the standard cosmological perturbation theory framework. We make manifest the presence of arbitrary parameters and extra functions, both at background level and at first order in perturbation theory. We present the full set of independent equations of motion for this model, and we discuss the amount of tuning needed to match predictions of the theory to actual data. By using the matter power spectrum and cosmic microwave background angular power spectra as benchmark observables, we explicitly show that since there is no natural mechanism to generate adiabatic initial conditions in this specific model, extra finetuning is required. We modify the publicly available Boltzmann code CLASS to make accurate predictions for the observables in mimetic dark matter. Our modified version of CLASS is available on GitHub 1 . We have used mimetic dark matter as an illustration of how much one is allowed to change the initial conditions before contradicting observations when modifying the laws of gravity as described by General Relativity but we point out that modifying gravity without providing a natural mechanism to generate adiabatic initial conditions will always lead to highly fine-tuned models.
Introduction
The General Theory of Relativity (GR) has proven to be a very successful theory to describe and predict almost all of the gravitational phenomena observed to this date [1] . It has, so far, been tested over a wide range of scales, ranging from the weak field regime of our solar system, all the way to cosmological scales or to the strong regime (through recent detections of black holes coalescence events [2] [3] [4] and most recently the super-massive black hole imaging by the Event Horizon Telescope [5] ).
On the other hand, explaining the universe using GR at galactic and cosmic scales requires additional non-baryonic components. These are cold dark matter (DM) and dark energy, and the model associated with these two in GR is henceforth known as ΛCDM, where Λ stands for the cosmological constant describing dark energy. The ΛCDM, according to state-of-the-art observational results [6, 7] , is able to describe with astonishing precision our Universe.
This model is still a phenomenological one, and suffers from a number of conceptual problems that prevents us yet from calling it the ultimate model describing the Universe. The nature of DM itself is still unknown, despite of the many DM candidates that have been proposed, including particles, compact objects and gravity effects, see e.g., Refs. [8, 9] and refs. therein. Typical modifications of GR have been driven by the presence of unsolved problems, and they typically address the issue of describing the dark energy sector by introducing a scalar field [10] . Since GR is extrapolated from solar system scales up to cosmological scales, it is not impossible that what we currently interpret as DM is in reality a pure gravitational effect.
In this work we analyse the Mimetic Dark Matter (MDM) model [11] , in which DM, instead of being made of particle or compact objects, is described by gravity. In its original form, the model was a reformulation of GR, whereby the physical metric was rewritten in terms of an auxiliary one and a scalar field, while maintaining the language of differential geometry. The authors of Ref. [11] claim that GR is already able to describe DM phenomenology as a purely geometrical phenomena, without the need for adding extra species to our Universe. The model has been investigated thoroughly: alternatives formulations have been provided [12] , the absence of ghosts has been proven [13, 14] , it has been generalized to explain other cosmological phenomena, as inflation or dark energy [15] , and to Horndeski theories of gravity [16] [17] [18] [19] . We refer the interested reader to Ref. [20] and refs. therein to a complete discussion of different aspects of MDM.
However, some aspects of this theory remain unexplored, in particular the degree of tuning necessary to match the theory with current observations. In this work, we re-examine the derivation of the equations of motion for MDM. In particular, we show that none of the equations is redundant, in contrast to previous works. Taking this extra equation into account introduces extra freedom in the theory and requires additional tuning to match the observed Universe. Moreover, since the standard MDM model does not include a mechanism able to produce adiabatic initial conditions, further tuning is required. In particular, we show that future cosmic-variance limited experiments, are able to detect even a slight departure from adiabaticity, ruling out the model unless a high degree of fine tuning is assumed.
The paper is organized as follows: in section 2 we review the mimetic dark matter model. In section 3 we describe the structure of the model and its equations of motion, both at the background level and at first order in perturbation theory, describing the freedom in the choice of particular parameters of the theory. In section 4 we investigate the observational consequences of this extra freedom, and we discuss the degree of tuning required by the theory. Finally we conclude in section 5.
Throughout this work, we use the (−, +, +, +) signature and units in which = c = 1. Spacetime indices are denoted by Greek letters and range from 0 to 3, while spatial indices are denoted by Latin letters and range from 1 to 3; repeated indices are summed over.
The Mimetic Dark Matter Model
The original MDM model proposed a reformulation of the physical metric g ρσ as [11] 
whereg ρσ is an auxiliary metric, ϕ is a scalar field, called mimetic field, and µ is an arbitrary factor introduced to make explicit the freedom in redefining the mimetic field. The physical metric corresponds to the auxiliary metric multiplied by a conformal factor that depends on the latter. In this way, one is said to express explicitly the conformal mode of gravity, which is manifested by the invariance of the physical metric under a conformal transformation of the auxiliary one. This conformal mode is now encoded in the scalar field ϕ, and therefore the auxiliary metric will no longer be used (see, e.g., Ref. [13] for more details on the conformal mode of gravity in these models). The mimetic field has to obey the so called constraint equation
obtained by contracting the mimetic field derivatives ∂ ρ ϕ∂ σ ϕ with the inverse of the physical metric, which reads as g ρσ = P −1gρσ , where P = (g αβ ∂ α ϕ∂ β ϕ)/µ 4 . The Einstein-Hilbert action reads as [11] 
where g is the determinant of the physical metric, M p = (8πG) −1/2 is the reduced Planck mass, R is the Ricci scalar and L mr is the Lagrangian that describes baryonic matter and radiation fields ψ m and ψ r , respectively. By varying the action with respect to the physical metric, we get Einstein equations of the form:
where G µν = R µν − (1/2)g µν R is the Einstein tensor defined in terms of the Ricci tensor R µν and the Ricci scalar R, T µν = −(2/ √ −g)δ( √ −gL mr )/δg µν is the stress-energy tensor of the baryonic matter and radiation fields andT µν takes the form of the stress-energy tensor of dust [11] . The model therefore predicts that the effects of DM, encoded inT µν , can be generated without the need of adding extra species to the action. However, as shown in Refs. [12, 13, 15, 21] , MDM can be modified (hence it becomes a modification of GR) by introducing into the action a potential for the scalar field and a Lagrange multiplier λ 1 , so that the action becomes 2
where V (ϕ) is a potential for the mimetic field. The variation of the action in equation (2.5) with respect to the physical metric gives the new Einstein equations 
where ρ is the energy density, p is the pressure and u µ = dx µ / √ −ds 2 is the corresponding 4-velocity of the fluid, we see that we can re-obtain equation (2.4) by identifying as energy density, pressure and 4-velocity of the scalar field fluid with
In this case equation (2.2) corresponds to the normalization equation u µ u µ = −1 for the 4-velocity. The equations of dynamics for matter and radiation fields (δS/δψ m , δS/δψ r = 0) do not change with respect to the standard ones in GR. Moreover, the stress-energy tensor is conserved as in GR, namely we have ∇ µ T µν = 0. This means that matter and radiation fields formally evolve as in GR, even if Einstein equations (2.6) changed. For this reason we do not report them here and we refer the interested reader to Ref. [22] .
Einstein Equations
In the following we specify the general equations of the MDM model to the case of an Universe described by Friedman-Lemaître-Robertson-Walker metric. Since we are interested only in the description of scalar modes, we choose to work with the conformal Newtonian gauge described by the metric
where a is the scale factor, τ is the conformal time, x j are comoving spatial coordinates and the potentials Ψ and Φ are related to Bardeen gauge-invariant variables [23] . Throughout this section we follow notation and conventions of Ref. [22] . We assume that the matter and radiation content of the Universe can be described by an almost perfect fluid with stress-energy tensor given by
where Σ µ ν contributes to the anisotropic stress only at first order in perturbation theory. Assuming that the fluid has some small density and pressure fluctuations δρ and δp, coordinate velocity v i = dx i /dτ and anisotropic stress Σ i j (such that Σ i i = 0), the components of the stress-energy tensor, up to first order in perturbation theory, can be written as
where an over-bar denotes background quantities. In the following we use also the overdensity contrast δ = δρ/ρ, the divergence of the velocity θ and of the traceless anisotropic stress σ, which read as
Background Evolution
At the background level energy densitiesρ(τ ), pressuresp(τ ) and the scalar fieldφ(τ ) are only time-dependent. The constraint equation (2.2) reads, after fixing it for the appropriate metric signature, as
where " " denotes derivative with respect to the conformal time τ . As in GR, Friedman equations are obtained from the (0 − 0) and the trace of the spatial (i − j) components of equation (2.6) and read as
where H = a /a is the Hubble expansion parameter in conformal time. Equation (3.7) is formally identical to its analogue in GR, once the potential is interpreted as the pressure of the scalar field, i.e., if we definep ϕ = V (φ). On the other hand, equation (3.6) does not have the exact form as in GR, and it is automatically satisfied once the constraint equation (3.5) is taken into account.
Even if in the literature equation (3.6) has been considered redundant, it gives important insights on the structure of the MDM model. In fact, since the term in the second square brackets of equation (3.6) is identically zero, the left squared parenthesis can be written in whole generality as 3M
where f (τ ) is an arbitrary function of conformal time, that connects the expansion history of the Universe to its energy content. As done before, this equation can have a GR analogous if we identify the energy density of the scalar field withρ ϕ = a −2 f (τ ) − V . Therefore equations (2.8), (3.7) and (3.8) give the following definitions for the background density and pressure of the field, respectively:
This f function can be determined by taking the time derivative of equation (3.8), using the conservation equation,ρ + 3H(ρ +p) = 0, and comparing the result to equation (3.7). We find that f (τ ) has to satisfy the differential equation
The solution of the homogeneous equation reads f = κ/a, where κ is a space-independent integration constant because of homogeneity and isotropy. The general solution depends on the shape of the potential and is given by
where τ 0 is some reference time, and which generalises the result presented in Ref. [15] to a Universe filled with matter and radiation. Therefore, independently of the chosen shape of the potential, a fraction of the mimetic field energy density scales as κa −3 , i.e., as DM would do. The integration constant, κ, is an extra free parameter of the theory that has to be chosen properly to fit the observation. Notice that this additional parameter is not connected to any parameter in the action of the theory, hence apart from setting its value using current observational data, we cannot assign it any value motivated by the theory itself. We discuss how this parameter was linked to the initial conditions of our Universe in section 4. We conclude by highlighting the solutions for two special cases: a zero potential (V ≡ 0) and a strictly negative constant potential (V ≡V < 0). In the first case we have that 12) hence the mimetic field plays only the role of cold DM. In the second case we have both DM and dark energy at the same time, in fact f (τ ) = κ −V a 3 0 /a =κ/a, whereκ is a new integration constant and a 0 = a(τ 0 ), thereforē 13) hence in this scenario the mimetic field plays the role both of DM and a cosmological constant, as in certain quartessence models [24] . In both cases, see, e.g., Ref. [15] , we can connect the energy density and pressure of the mimetic field to the background value of the Lagrange multiplier 2λ =ρ ϕ +p ϕ = f a −2 . Therefore the ambiguity in choosing the free parameter κ derives from the possibility of rescaling arbitrarily the mimetic field while reabsorbing any constant in the Lagrange multiplier.
Perturbative Dynamics
In order to compare the predictions of this model to those of the traditional ΛCDM we need to compute the evolution of perturbations. In this section we present the equations of dynamics for the metric and scalar field fluctuations, while, as previously stated, we do not report those of matter and radiation fields since they are identical to those in GR. The results of this section apply to MDM models with an arbitrary shape of the potential, hence they can be applied to different scenarios. The constraint equation (2.2) for the mimetic field fluctuation reads as
however, as done in Ref. [18] , it is more convenient to introduce a new variable v ϕ = −δϕ/φ whose equation of motion, invariant under rescaling of the mimetic field, is
Moreover, by defining the velocity divergence of the scalar field fluid as θ ϕ = k 2 v ϕ , we find that equation (3.15) can be recast as
which is the equation of motion of the velocity divergence for a non-relativistic and collisionless fluid. Therefore the theory itself, independently of the shape of the potential, is able to reproduce the equation of motion of DM velocity divergence. At first order in perturbation theory we have four independent Einstein equations. In reporting these equations, we keep on the LHS of each equation all the terms unchanged with respect to the GR case, see e.g., Ref. [22] , while on the RHS we put the new terms given by the MDM model.
By defining the pressure perturbation of the scalar field fluid as δp ϕ = −v ϕφ V, ϕ , where V, ϕ = ∂V /∂ϕ, we find that the traceless part and the trace of the (i − j) components of Einstein equations are given by
Notice that the scalar field cannot be a source of anisotropic stress, and only when the gradient of the potential (∂V /∂ϕ) is non-zero the scalar field develops an isotropic pressure perturbation. Using Friedman equations (3.7) and (3.8), we find that the (0−i) components of Einstein equations reads
which shows that not only in MDM we have an equation for velocity divergence identical to that of DM, but also this velocity contribution appears in the correct form in Einstein equations.
Finally, using the results we have found both in § 3.1 and in § 3.2 so far, we are able to write the (0 − 0) component as 20) where the right square bracket is identically zero due to the constraint equation (2.2). We notice that in MDM models the (0−0) component of Einstein equations is identically satisfied and, as we have done in § 3.1 with f (τ ), this allow us to introduce a new function g(k, τ ):
where this specific form has been chosen for later convenience. We argue that there is one of these functions at every level in perturbation theory, hence going to second order we would find an h(k, τ ) arbitrary function, and so on. By taking time derivatives of (3.21) and using the results of § 3.1 and § 3.2, we get
where ω ϕ =p ϕ /ρ ϕ is the equation of state of the scalar field fluid, and c 2 (ϕ),s = δp ϕ /δρ ϕ is the adiabatic sound speed of the mimetic field. If we compare equation (3.22) to equation (30) of Ref. [22] , we notice that the function g evolves as the overdensity contrast of a fluid, therefore it can be thought as g ≡ δ ϕ . In the case of zero potential, i.e., in the case where the mimetic field describes DM, we recover the evolution equation for dust.
Initial Conditions and Observational Constraints
We have shown that the MDM model, for any given potential V , shows a level of flexibility in the choice of the function f (τ ) and in the choice of the initial conditions (ICs) for the mimetic field fluctuation and the function g at first order in perturbation theory. Notice that generalisations of the standard MDM model seems to be able to produce adiabatic ICs [25, 26] , however this feature depends on the form of the mimetic Lagrangian and it is not a general property of the MDM model.
At the background level, independently of the shape of the potential, we have a free parameter, κ, whose value in principle is set by ICs of the mimetic field and cannot be derived directly from the action written in equation (2.5). The authors of Ref. [11] suggested that if the mimetic field is coupled to the inflaton, a non-vanishing amount of DM can survive 60 efolds of expansion without spoiling inflationary dynamics. Since the evolution of the mimetic field is fixed by the constraint equation (2.2), which does not provide any attractor solution, the dynamics of the inflaton need to be fine-tuned to provide the correct amount of DM today. Moreover, in case the potential is non-zero, its shape and parameters have to be tuned to match observations, as we can see in the example in equation (3.13) .
At the perturbation level, even if the g function and the mimetic field fluctuation evolve as an energy overdensity and a velocity, respectively, we have to set ICs for both quantities. This requires a second tuning because we know them to be adiabatic [27] . If the mimetic field is just a spectator field during inflation, as suggested above to fix the value of κ, then its presence can result in having also isocurvature ICs [28] , which are largely ruled out [29] . Moreover, even assuming no isocurvature ICs are generated, we still have to properly define the scalar field ICs, or, equivalently, to define an inflationary scenario able to generate adiabatic ICs also for the mimetic field.
To study the impact of ICs in this model, we consider the case study of MDM accounting only for DM, i.e., we consider the V ≡ 0 case. We fix κ to be the observed DM energy density today, we fix the ICs for g so that adiabaticity is preserved. We let vary only the IC of the mimetic field perturbation, i.e., the IC of the mimetic field fluid velocity divergence θ ϕ , which in the adiabatic case is related to the gravitational potential by θ ϕ = 1 2 (k 2 τ )Ψ [22] . Variations in κ and ICs for g, would result in larger departures from the ΛCDM case, hence we can consider our approach as conservative.
We modify the public code CLASS [30] to include the effects of the MDM model accounting for DM. We parametrise deviations from standard adiabatic ICs for the velocity divergence as
where α modulates the deviation and we choose this functional dependence on wavenumber k for illustrative purposes only. The main point of this choice is that it allows us to have variations between [1 − α, 1 + α] with respect to adiabatic ICs. We check that for other wavenumber dependences, for instance randomly choosing a number in [1 − α, 1 + α], our findings are unchanged. In the following we assume the Planck18 baseline cosmology assuming the best-fit parameters to the whole Planck dataset [6] : ω b = 0.0224 is the physical baryon density today, ω cdm = 0.120 is the physical cold dark matter density today, h = 0.674 is the reduced Hubble expansion rate today, 10 9 A s = 2.101 is the amplitude of the primordial scalar perturbations, n s = 0.965 is the scalar spectral index and τ = 0.054 is the optical depth to reionization. We use ω ϕ = κh 2 = 0.120, where ω ϕ is the physical density of the mimetic field today, instead of ω cdm when computing observables in MDM.
We compare the evolution of perturbations in ΛCDM and MDM in figure 1 . As we can notice, even when we perfectly match the overdensity perturbation in the MDM model to the one of DM in ΛCDM and we assume for them the same initial conditions at early times, we observe deviations at late times generated by different ICs in the velocity sector. Hence any small change in ICs only in the velocities will generate in turn larger changes in cosmological observables. These differences in the evolution of perturbations generate deviations in cosmological observables. We report them in figure 2 for the CMB temperature and polarization power spectra (C T T , C EE ) and for the matter power spectrum (P m ). In all the cases, we analyse deviations up to 10%, 20% and 50% from adiabatic ICs, corresponding to α = 0.1, 0.2, 0.5, respectively.
We compare these deviations to cosmic variance uncertainty. For the angular power spectra, the cosmic variance reads as [31] 
where is the multipole and f sky is the observed fraction of the sky, independently from the chosen experiment. On the other hand, in the case of the matter power spectrum we have a dependence on the chosen survey, in fact the error is given by, see, e.g., [32] ,
where ∆ log k is the bin size in k-space, V S is the volume of the survey and n g is the number density of galaxies. For an Euclid-like survey, with average redshiftz = 1, redshift bin width ∆z = 0.1 and uniform binning of log k, we have an estimated volume of V S (z) = 1.719 Gpc 3 and number of galaxies of n g (z) = 1.998 × 10 −3 Mpc −3 . Following Ref. [32] , we further normalize the error bars to make them independent of the number of redshift bins and the width of the k bins.
As can be seen from figure 2, even fractional changes in the ICs generate deviations in the observable spectra which are detectable by cosmic variance limited experiments. Note that given the absence of a mechanism that automatically guarantees adiabatic ICs, a fractional change of less than 50% represents a very modest variation. In the CMB temperature and polarization correlation functions, current observations by the Planck mission (cosmic variance limited up to ∼ 2000), rule out deviations larger than 20% (α 0.2) from the adiabatic initial conditions of ΛCDM. Furthermore, constraints by an Euclid-like mission will constrain any change at the percent level, as can be seen from the lower panel of figure 2 . By allowing also the κ parameter, g function and its ICs, to vary we would expect much more significant deviations.
In other words, the free parameter κ and the ICs of the DM sector need to be fine-tuned at the 10% level with current observations and they will be constrained at better than percent level with Euclid-like observations. Note that the fine-tuning problem is more severe than it looks as it is a function and not a simple number that needs to be adjusted to reproduce exactly adiabaticity (thus the level of fine-tuning extends to infinite degrees of freedom). Our main finding is that modifications of gravity that do not naturally produce a mechanism to generate adiabatic initial conditions do suffer from serious fine-tuning issues in the form of fine-tuning of free functions.
Conclusions
Despite its great success in describing the Universe we live in, the ΛCDM model does not provide any insight into what actually is the nature of its two main constituents, DM and dark energy. In this work we have explored in detail the predictions of a modified gravity model where the phenomenology associated to DM is described by pure geometry rather than elementary particles or compact objects. In particular, as a proof of principle, we focused on the mimetic dark matter model.
After providing an alternative formulation to perturbation theory in this model, we found that this modified gravity model is naturally able to reproduce DM phenomenology, however it also contains free parameters and functions whose ICs need to be tuned in order to match observational data. Since the model does not naturally produce adiabatic initial conditions for the mimetic field, it requires extra tuning to reproduce observations.
We have modified the public Boltzmann code CLASS to compute both the evolution of perturbations and standard cosmological observables, as the matter power spectrum and cosmic microwave background temperature and polarization power spectrum, of the MDM model. Our modified version of CLASS is available on GitHub 3 . We proved that current and future cosmic variance dominated experiments are able to detect small deviations from perfect adiabatic ICs, even in the conservative case where only the ICs of the velocity perturbations were allowed to vary by a small fraction. If all the free parameters and functions of the theory were allowed to deviate from its ΛCDM analogue, deviations would be much larger and would have been detected, for instance by Planck.
We conclude by noticing that any modification of gravity that does not generically predict adiabatic ICs will suffer from severe fine tuning problems, since the degree of fine tuning for arbitrary functions is actually infinite and the model does not contain any attractor solution. This can be a route to restrict modifications of gravity and guide model building when abandoning general relativity.
